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Fig. 3 HASPA nonlinear simulation response to 180-deg heading
command - aero-acceleration equations (Table 1).
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Fig. 4 HASPA nonlinear simulation response to 180-deg heading
command.

equation given in Eq. (1) above. It is now believed that the
equations for HASPA and similar LTA vehicles should be
based on treating the apparent masses and inertias as
aerodynamic acceleration force and moment derivatives as in
Table 1 and Eq. (2),

Differences in the HASPA dynamics (airframe plus
autopilot) as predicted by the two different sets of equations
were evaluated by deriving linear transfer functions from the
equations of Table 1 and from the earlier equations. From
these transfer functions the Nichols plot of Fig. 1, was ob-
tained wherein increasing stability margin is indicated by
increasing distance of the frequency response locus from the
point (- 180 deg, 0 dB). Stability margins using the equations
of Table 1 are clearly improved over the margins predicted
with the additional mass and inertia form of the equations.

A 180-deg turn was simulated with both forms of the
equations, including all control and aerodynamic
nonlinearities. With the additional mass and inertia
equations, the results of Fig. 2 were obtained. The turn
command was applied at a rate of 1.4 deg/s and the resulting
gimbal response [linear law: 6= (^ r ef-^) +75(^ r e f-^)]
and heading angle are shown. The heading angle exhibits limit
cycles of approximately ± 3-deg amplitude at a frequency of
0.024 rad/s approximately 320 s after starting to turn. Figure
3 shows the same maneuver using the equations of Table .1;
the turn is completed in approximately 540 s. Limit cycling is
barely perceptible after the turn is complete.

Another difference between the dynamic predictions is
indicated in Fig. 4, which shows the dirigible ground track in
response to the same input turn command as in Figs. 2 and 3.
The response from the Table 1 equations is more sluggish than
the response shown by the additional mass and inertia
equations (R/L = 9.5 and R/L = 6.0, respectively).

The increased stability predicted by the equations of Table
1 makes the dynamic system less sensitive to large variations
which may be encountered in estimating the aerodynamic
data. Also, the improved stability margins are beneficial
because they minimize attitude limit cycling.

Conclusions
The form of the equations of motion for airships and the

manner in which the apparent additional mass and inertias are
treated can be reliably based on the proven standard
equations of motion for submarines. The apparent masses
and inertias are really aerodynamic force and moment ac-
celeration derivatives and should be treated as shown in Table
1. For HASPA, this treatment of the equations predicts
greater stability margins than was forecast with the
equations1 formerly used.
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General Expression for a
Three-Angle Rotation Matrix

James M. Wilkes*
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T HE solution on a digital computer of the equations of
motion of a system of rigid bodies requires frequent

computations of the orthogonal matrices relating various
orthonormal frames introduced in the formulation of the
problem. The usual method is to relate any two such frames
(both assumed to be right-handed) by a sequence of, at most,
three single-axis rotations, so that the complete trans-
formation matrix R is a matrix product of the form

= Ri(a)RJ(b)Rk(c) (1)

where Rn(x) denotes a rotation about axis n (n = 1,2, or 3)
through an angle x. A simple and efficient method for the
generation of matrices of the form of Eq. (1) is thus of
considerable interest.

Two fairly recent papers1'2 have presented useful
algorithms for the solution of the stated rotation matrix
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generation problem. The procedure described in Ref. 1,
though simple and quite general, has the slight disadvantage
(as far as efficiency is concerned) of requiring three calls to its
FORTRAN subroutine in order to generate a single matrix R
of the form of Eq. (1), whereas the method presented in Ref.
2, though very efficient for the transformation of the com-
ponents of a vector from one frame to another by a matrix of
the form of Eq. (1), does not actually produce the elements of
the complete transformation matrix R.

In this Note we derive a general expression for R, from
which its nine elements can be read off as functions of the
rotation angles a, b, and c and the rotation axes /, j, and k.
Our use of the phrase "general expression for R" must be
slightly qualified, however, as follows. It is easily seen that
there are 27 distinct types of matrices of the form of Eq. (1),
since any one of the three single-axis rotation matrices can
describe a rotation about any one of three coordinate axes.
However, types for which any two consecutive single-axis
rotations (or all three of them) occur about the same axis,
reduce the matrix R to one of the three forms:

(2)

(3)

(4)

In these cases, the original three-rotation sequence of Eq.
(1) degenerates to either a two-rotation sequence of type (2) or
(3), or a single-rotation sequence of type (4), where we have
used the well-known fact that successive rotations about a
single axis are equivalent to one rotation about that axis
through the sum of the angles. In deriving our expression for
/?, we specifically exclude matrices of types (2), (3), and (4)
[of which there are 15 total; six of type (2), six of type (3), and
three of type (4)], i.e., we disallow the possibilities /'==/, j=k,
and /=y = /r. The 12 remaining types (all of which describe
three-rotation sequences) are contained in our general ex-
pression for /?, and separate into two classes, one class for
which /=Ar, and one class for which i^k. We then indicate
how the resulting algorithms can be used to compute the
degenerate forms (2), (3), and (4) as well.

Our derivation uses the fact that the set of all 3x3 matrices
constitutes a vector space of dimension n-9. The standard
basis of this vector space is a set of nine matrices Eijf
ij = 1,2,3, with the elements of matrix Efj defined by:

where 6,y is the Kronecker delta symbol (6/y = 1 if / = /, and
5/y =0 if /?*/). That is, Ey is the matrix having the entry 1 in
its /th row and yth column, and the entry 0 elsewhere. As
examples,

£23 =

0 0 0

0 0 1

0 0 0

and the identity matrix may be written as

I=En+E22+E33= £ (6)

where all summations are understood to be from 1 to 3. An
arbitrary 3x3 matrix A can always be written as a linear
combination of the basis matrices Etj t vjZj

where A(i*.tv) is the entry in the /ith row and i>th column of A.
It should be noted that in our notation a subscript labels a
particular matrix, while the elements of a matrix are labeled
by indicating the row and column in parentheses, i.e., Rn (x)
is the value at x of the matrix /?„, while Rn ( i j ) (X) js the
value of the ij element of Rn

 at x.
Using Eq. (5), we deduce the following important

multiplication rule for any two basis matrices:

By the definition of equality of two matrices A and B, i.e.,
A=B if and only if A(m,p) -B(mtp) for all m and p, it
follows from the last equation that

(8)

At this point we note that a single-axis rotation matrix
Rn(x), 71=1,2, or 3, can be written as the following linear
combination of the basis matrices:

Rn (x) = cos*/+ (/ - cosx) Enn + sin* (9)

where tijk is the completely skew-symmetric permutation
symbol defined by:

C -hi if ijk is 123, 312, or 231
e//vt = •< Oif any two indices are the same

t -1 if //A: is 132, 213, or 321 (10)

(11)

For example, if AI = 1, then by Eqs. (9), (10), and (6),

R] (x) =cos*/+ (/-cos*)^, +sin* ]T] ^ ei^E^

= En+cosx(E22+E33)+sinx(el23E23+tl3;E32)

+ sinx(E23-E32)

1
0

0

" 1
0

0

0

0

0

0 ~

0

0

0

cos*

-sinji

+ COSX

0 0 0

0 1 0

0 0 1

4-sin*

0 0 0

0 0 1

0 -10

A = (7)

0

sin*

cos*

which is the familiar form.
The derivation of the desired expression for R is now a

straightforward, but very tedious, algebraic exercise. Our
procedure is to write R, defined by Eq. (1), as a linear
combination of the basis matrices. The matrix element R(iJ)
is then, by Eq. (7), the coefficient of Etj in the resulting ex-
pansion.

We begin by substituting the general expression (9) for
Rj.(a), R j ( b ) , and Rk (c) into Eq. (1), to obtain
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H + sina t^E^ J
R = costf/+ ( / -

L

| cosbl+ ( 1 -
a

COSC/+ ( 7 - COSC) Ekk + 5//IC X) 1} €*M^

Performing the indicated matrix multiplications, one obtains
an expression for R containing 27 terms. This expression
simplifies somewhat when we disallow the possibilities i—j
andj=k, as previously discussed (so that <$/, =0, and 5jk = 0),
and use repeatedly the well-known identity3

M

The resulting expression for R is

R = cosa cosb cosc/+ (1 — cosa) cosb coscE,,

—I- cosa (/ -cosb)coscEjj + sina sinb coscE^

— sina(1 — cosfycoscejjfEfj — (1 — cosa) sinb cosceij,Eil

+ sina cosb cosce^ (Ejt — Etj) + cosa sinb cosce^ (En — Eu)

+ cosa cosb(1 — cose)Ekk + (1 — cosa)cosb(l — cose)dikEik

+ sina sinb (1 — cose) dikEJk

— (1 — cosa) sinb(l — cose) eijkEik

+ sina cosb(l — cose) enkElk -I- cosa sinb( 1 — cose) ejlkE,k

+ cosa cosb since Jki(Elj—Ejl) + (1 —cosa)cosb sincekilEn

— cosa(1 — cosb)sincejk/Eji + sina sinb since kilEjl

+ sina(1 — cosb) since jji Jj Jj tjkvEpv + cosa sm^ sincE^

+ (1 — cosa)sin& sincdikEjj 4-sinacos^ sinc(Eki — dikI) (13)

The general expression Eq. (13), is now specialized by
considering the two possibilities i = k, and i^k, as separate
cases:

1) If i^kf then dik =0, and l = k in permutation symbols of
the form e^/, l—j in symbols of the form ei/k, and / = /' in
symbols of the form ejk(. Since /, jt and k are all different, we
may write the identity matrix as /= En 4-E^ + Ekk. The matrix
R in Eq. (13) then simplifies, in this case, to:

R = cosb coscEjj + eijkcosb sincE^ — eiJksinbEik

+ ( —eijkcosa sine + sina sinb cosc)Ejj

+ (cosa cose-\-eijksina sinZ? s i ne )E j j + eijksina cosbEjk

+ (sina sine -I- eijk cosa sinb cosc)Eki

+ ( — e^sina cose-I-cosa sinb sine) E^ + cosa cosbEkk (14)

2) If l = k, then eijk =0, and l = 6-(i+j) is the integer from
the set (1 ,2,3) different from / andy. In this case /, j, and / are
all different, so that 7=E/v + £'j[/ + £//. The rotation matrix,
Eq. (13), then simplifies to:

R = cosbEji + sinb sincE^ — e^sinb coscE,/

+ sina smbEji+ (cosa cose —sina cosb si

-!-€/,/( cosa sine + sina cosb

-€ /y/(sina cose+cosa cosb si

-h ( — sina sine -Hcosa cosb cose)£//

sinb En

(15)

The elements of the two classes of three-rotation sequence
matrices are simply the coefficients of the basis matrices in
Eqs. (14) and (15). The expressions for these elements can be
programmed as a simple FORTRAN subroutine, the inputs to
which are the three rotation axes, specified by /', j, and k, and
the three angles of rotation a, b, and c. The computation of
the rotation matrix elements then requires only a single call to
this subroutine.

These algorithms can also be used to calculate the elements
of the degenerate matrices defined by Eqs. (2-4). We illustrate
this procedure by considering a matrix of type (2). In this
case, one simply replaces the angle c by (b + c) and the angle
b by 0, and assigns to the index j in the subroutine call the
valuey = 6- (i + k). For example, if k=l and / = 3, then j = 2
(the value from the set ( 1 ,2,3 ) different from / and k) .

As a final remark, we wish to emphasize the usefulness of
the analytical expression, Eq. (1 1), for computing the value of
the permutation symbol as a function of its indices. Our
version of a FORTRAN subroutine implementing the
preceding algorithms is available upon request.
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Numerical Derivatives for
Parameter Optimization

David G.Hull*
University of Texas at A ustin, A ustin, Texas

and
Walton E. Williamsont

Sandia Laboratories, Albuquerque, N.M.

Introduction

THE accuracy with which a minimal point can be com-
puted by a parameter optimization method using

numerical derivatives depends on the accuracy with which the
derivatives can be computed. Numerican derivatives are
computed by differencing the performance index at a known
point and a perturbed point. Hence, the problem is to predict
the size of the perturbation so that the derivative has the most
accuracy. If the perturbation is too large, the derivative is
corrupted by truncation error, and if it is too small, by
roundoff error. Hence, derivative accuracy is achieved by
balancing the effects of these two error sources. In this paper
a procedure for determining the perturbation is proposed for
both first-order and second-order methods taking advantage
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